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Abstract. One says that a smooth manifold M of dimension m is a pseudo- 
Riemannian manifold of signature (p, q) if the tangent bundle TM is equipped 
with a smooth non-degenerate symmetric inner product g of signature (p, q) 
where p + q = m. Similarly one says that M is an affinc manifold if TM is 
equipped with a torsion free connection V. One says g is Osserman if the 
eigenvalues of the Jacobi operator are constant on the pseudo-sphere bundles 
of unit timelike and spacelike vectors. We extend this concept from the pseudo- 
Riemannian to the afBne setting to define the notion of a projectively Osserman 
manifold. This notion is the focus of the paper. We establish some basic 
results concerning projectively Osserman manifolds and exhibit examples of 
this structure which arise in several different geometrical contexts. 



1. Introduction 

Let M = (M, g) be an m-dimensional pseudo-Riemannian manifold of signature 
(p, q) where p + q = m. Let V be the Levi-Civita connection defined by the 
metric g, let lZ(x, y) := V^Vj, — V^V^ — ^[x,y] be the curvature operator, and let 
J{x) : y — > lZ(y,x)x be the Jacobi operator. Let Spec{ l 7(cc)} C C be the set of 
eigenvalues of J{x) and let S ± (M) be the pseudo-sphere bundles of unit spacelike 
(+) and unit timelikc (— ) tangent vectors. One says that M. is spacelike Osserman 
at P e M if for every x,y e S + (T P M,g P ), Spec{J(x)} = Spec{ J{y)}. One says 
that M. is pointwise spacclike Osserman if it is spacelike Osserman at every point of 
M and that M. is globally spacelike Osserman if the eigenvalue structure does not 
in fact depend on the point in question. The notion timelike Osserman is defined 
by replacing S + by S~ as appropriate. Note that if p > and if q > 0, then work 
of Garcia-Rio et al. [4] shows these are equivalent notions. The investigation of 
Osserman manifolds has been an extremely active and fruitful one in recent years; 
we refer to [UGH [7] for further details. 

In this paper, we wish to generalize these notions to the affine setting. Let 
A := (M, V) be an affine manifold where V is a torsion free connection on TM. 
Again, let lZ(x, y) be the curvature operator and let J{x) : y — > lZ(y, x)x be 
the associated Jacobi operator; we will write Jv when it is necessary to distin- 
guish the role of the connection. Let Spec{J"(x)} C C be the spectrum of the 
Jacobi operator; since J{x)x = 0, G Spec{ J{x)}. Since J{cx) — c 2 J{x), 
Spec{J(cx)} = c 2 Spec{J(x)}. In the pseudo-Riemannian setting, we eliminated 
this rescaling effect by assuming that g(x, x) = ±1. As this normalization is not 
available in the affine setting, we must proceed slightly differently. 
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Recall that two non-zero points u, v 6 R m are said to be projectively equivalent 
if u = cv for some ^ c e I, This motivates the following definition; the role of 
{0} is distinguished and introduces a small amount of technical fuss. 

Definition 1.1. We say that an affine manifold A = (M, V) is projectively Osser- 
man at a point P £ M if there exists a subset Sp of C so that for any tangent vector 
x E TpM, Spec{J(x)} — c(x)Sp for some suitably chosen complex number c(x). 
We say that A is pointwise projectively Osserman if it is projectively Osserman at 
every point of M. We say that A is globally projectively Osserman if 5 can be 
chosen independently of P. 

This is related to earlier work by Garci'a-Rio et al. [3] . One says A = (M, V) 
is affine Osserman if Spec{j7(x)} = {0} for all tangent vectors x; such a mani- 
fold admits a natural neutral signature Osserman metric, called the Riemannian 
extension, on the cotangent bundle T*M. Clearly any affine Osserman manifold is 
projectively Osserman. The Riemannian extension is Osserman if and only if A is 
affine Osserman. 

We have chosen to work with Spec{J~(x)}, it is also possible to work with the 
unordered collection of eigenvalues Spec{fl(x)} where each eigenvalue is repeated 
according to multiplicity; working with Spec{J(x)} instead of Spec{j7Xx)} gives 
rise to the notion of strongly projective Osserman. Fortunately, these are equivalent 
concepts as we will show in Section [2l 

In this paper, we will exhibit several examples of projectively Osserman affine 
manifolds. In Section [31 we discuss examples which arise from Osserman geometry. 
In Section [4l we discuss projectively Osserman Walker manifolds. In Section [5l we 
discuss examples from affine hypersurface theory. In Section [6j we discuss the Weyl 
projective tensor. 

2. Eigenvalue multiplicities 
This section is devoted to the proof of the following technical result. 

Lemma 2.1. Let A = (M, V) and let P £ M. Then A is projectively Osserman 
at P if and only if A is strongly projectively Osserman at P. 

Proof. We must show that A is projectively Osserman at P implies that A 
is strongly projectively Osserman at P as the reverse implication is trivial. If 
Spec{j7"(a;)} = {0} for all x £ TpM, then Spec{J(x)} is the unordered set where 
is repeated with multiplicity m and there is nothing to prove. We therefore 
suppose there exists y £ TpM so J(y) has a non-zero eigenvalue. As the eigen- 
values vary continuously, as long as the spectrum does not degenerate to {0}, 
the multiplicities are constant. Thus there is a small neighborhood O of y in 
T P M such that Spec{J(x)} = c(x)Spec{ J(y)} for x e O where c(x) ^ 0. Let 
p(x;t) :— det{J(x) — tid} be the characteristic polynomial. Decompose 

m 

p(x;t) = Y[(\i(x) -t) = K m (x) +K m -x(x)t + ... + K k t m - k + ... + K (x)t m 
»=1 

where the coefficients k u (x) are the elementary symmetric functions of the eigen- 
values {Ai(x), X m (x)}. We note that polynomial of degree 2k in the 
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coordinate functions of x relative to some basis for V. Furthermore, if x £ O, then 

X v (x) — K v {x)\ v (y) so 

(2. a) n v {x) = K v (y)c(x) u for x £ O and for < v < m. 

As p(y;t) ^ (-i) m , there is 1 < v < m so K v (y) ^ 0. Thus 

I My) J 

is an analytic function of x. We may then complexify V and and consider 
the open dense subset U C V ® C where Spec{j7"(a;)} ^ {0}. We use analytic 
continuation to see that Equation (|2.a|) holds for all a; E U P\ V. Consequently 
p(y,t) = c(x)~ m p(x; c(x)t) if Spec{J(x)} ^ {0} and the desired result follows. □ 



3. Osserman Manifolds 

One has the following observation: 

Theorem 3.1. Let M — (M,g) be a pseudo-Riemannian manifold. If M is Os- 
serman at P £ M , then M. is projectively Osserman at P. 

Proof. Let M. have signature (p, q) . This is immediate if the metric on M. is 
positive definite since one has TpM = R ■ S + (TpM, gp) and since one also has 
3 (ex) = c 2 J(x). The argument is the same if the metric is negative definite and 
we therefore suppose p > and q > 0. Let A4 be spacelike Osserman at P and 
let S+ := Spcc{J(x)} for any x £ S+(T P M,g P ). Let q v {x) := Tr{J(x) u } for 
any x £ TpM. As Spec{J(x)} is constant on S + (TpM,gp), the eigenvalues and 
hence the eigenvalue multiplicities are constant on S + (TpM, gp). This implies 
Q v (x) ~ q v is constant on S + (TpM,gp). Since q v (cx) = c 2l g u (x), we have that 
Q v (x) — g(x 1 x) u g l/ if x is spacelike. This polynomial identity holds on an open 
subset of TpM and hence holds identically: 

Tr{ J(x) v ) = g(x, x) v g v for all x £ T P M . 

It now follows, of course, that Spec{ J(x)} — g(x, x)Sp~ for any x £ TpM and hence 
A4 is projectively Osserman at P. □ 

Affine Osserman tensors play a central role: 

Theorem 3.2. Let A\ := (Mi,Vi) be projectively Osserman at Pi £ Mi and 
let A2 '■= (M2, V2) be affine Osserman at P2 £ M2. T/ien the product structure 
A := (Mi x M 2 , Vi © V 2 ) is projectively Osserman at P — (Pi,P 2 ). 

Proof. If x = (ari,x 2 ) £ T [Pu p 2) (Mi x M 2 ), then J(a;) = J(x x ) © ,7(a; 2 ) so 

Spec{ J(x)} = Spec{ U Spec{ J(x 2 )} 

= Spec{J(xi)}U{0} = Spec{J(xi)}=c(xi)S Pl . □ 

We use this ansatz to construct new examples. Give the sphere S n and the 
torus T k the usual metrics where n > 2 and k > 1. Then 5 1 " is Osserman and 
T fc is flat so S n x T fe is projectively Osserman. On the other hand, S n x T k 
is not Osserman. Thus there are projectively Osserman manifolds which are not 
Osserman. Furthermore, while any flat manifold is affine Osserman, there are other 
examples: 



4 



BROZOS-VAZQUEZ ET AL. 



Example 3.3. Follow the discussion in [8]. Let (xi, x p , xi, x p ) be coordinates 
on R 2p . Let ip be a smooth symmetric 2-tensor field on W. Define a pseudo- 
Riemannian metric of neutral signature (p, p) on R 2p whose non-zero components 
are, up to the usual Z2-symmetries, given by: 

g(dxi,d Xj ) = ipij(xt, ...,x p ) and g(d x . i), ) <\ , . 

As J{x) 2 — for all x, Spec{j7"(x)} = {0} for all x as desired. 

Example 3.4. Follow the discussion in [9]. For s > 2, choose coordinates 

(til, ...,u s ,ti, ...,t s ,Vi, ...,v s ) 

on R 3s . Let fi 6 C°° (R) be given. Define a pseudo-Riemannian metric g of signa- 
ture (2s, s) on R 3s whose non-zero components are given by: 

g(d Ui ,d Ul ) = ~2(f 1 (u 1 ) + u x ti + ... + f s (u s ) + u s t s ), 

g(d Ut ,d Vi ) = g(d Vi ,d Ui ) = 1, and g(d ti , d u ) = -1 . 

Then J(x) 3 — for all x so A := (M 3s , V) is affine Osserman. 

One says that an affine manifold A — (M, V) is fc-affine curvature homogeneous 
if given any two points P, Q £ M, there is an isomorphism <fi ■ TpM — » TqM so 
that c/)*{V l TZp} = V l Tl Q for < i < k. 

Example 3.5. Follow the discussion in [10] . Let (x, y, Zo, zt, x, y, Zo, zt) be 
coordinates on R 6+2£ . Let g/ be the pseudo-Riemannian neutral signature metric 
defined by: 

gf{d x ,d i ) = g f {d y ,dy) = gf(d Zi ,d Si ) = 1, 
g f (d x ,d x ) = f(y) + yz + ... + y e+1 z e . 

Assume /( £+3 > > and /^+ 4 ) > 0. Let A f := (R 6+2 ^, V/) where V/ is the Levi- 
Civita connection defined by gj. Then Af is affine Osserman and Af is (I +2)-affine 
curvature homogeneous. Furthermore, Af is (£+ 3)-affine curvature homogeneous 
if and only if / ( - £+3 - > (y) = aeby f° r a > and b > real constants; this happens if 
and only if Af is affine homogeneous. 

The manifolds in Examples 1 3. 3 i [3Tl and !3.5l are generalized plane wave manifolds 
and hence are geodesically complete. We refer to for other examples and to [TT] 
for a further discussion of generalized plane wave manifolds. 

4. Walker manifolds 

The following family will be crucial for our study. 

Definition 4.1. Let (x%, X2, X3, X4) be coordinates on R 4 . Consider the following 
Walker manifold M. :— (R 4 ,<?) of signature (2,2) where 

g(d Xl ,d X3 ) = g(d X2 ,d X4 ) = 1 and 5(^3, d x J = 334(^1, x 2 , x 3 , x 4 ) • 

Let W be the Weyl conformal curvature operator of a pseudo-Riemannian man- 
ifold and let Jw(x) : y — > W(y, x)x be the conformal Jacobi operator. One says 
that M. is pointwise conformally Osserman if J7iv has constant eigenvalues on 
S ± (TpM, gp) for every point P 6 M. We showed [T] that this is a conformal 
notion; (M, g) is pointwise conformally Osserman if and only if (M, e h g) is point- 
wise conformally Osserman for any h £ C°°(M). 
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Recall that in dimension 4, M. is conformally Osserman if and only if M. is 
either self-dual or anti-self-dual. We take the orientation dx\dx2dx^,dxA for 1R 4 . If 
/ = f(xi,X2,x 3 ,x 4 ), let f /l := d x J and f m : d Xi d Xj f. One has the following 
result concerning these manifolds [H [5] : 

Theorem 4.2. Let M. be as in Definition ^. 1\ Then 

(1) M. is self-dual if and only if — xip^x^jXn) + X2q(x3,X4 : ) + s^xsjXn). 

(2) M. is anti- self- dual if and only if g 3i — Xip(x 3 , X4) + x 2 q(x 3 , X4) + s(x^, X4) 
+^(x 1 ,x 4 ) + n(x 2 ,x 3 ) forp /3 = g /4 and g 3 iP/3 ~ X1P/34 ~ x 2 P/ 33 ~ s /34 = 0. 

(3) The following assertions are equivalent: 

(a) M. is Osserman. 

(b) M. is Einstein. 

(c) The Ricci tensor is zero. 

(d) #34 = xip(x3,X4)+x 2 q(x3,X4) + s(x3 1 x i ) where p 2 = 2p /4 . q 2 = 2q /3 , 
and pq=p/3 + q/4- 

Remark 4.3. Let M. be as in Definition 14.11 Results of 3 show that if M. is 
Einstein, then 534 = x%p{x 3 , X4) + 2:29(2:3, X4) + 3(2:3,2:4) where p and q have one 
of the following forms: 

(1) p = q = 0. 

(2) p = and q = -2(x 3 + b(x 4 )y 1 ■ 

(3) p = -2(2:4 + a^))- 1 and q = 0. 

(4) p = -2(2:4 + a)" 1 and q = -2(x 3 + 6) _1 . 

(5) p = —2(2:3 + 60 + fria^) -1 and 9 = —2(2:4 + clq + aj^) -1 where ai&i = 1 
and ao = boa±. 

We now come to the main result of this section: 

Theorem 4.4. Let M be as in Definition \4-l\ Then M. is globally projectively 
Osserman if and only if at least one of the following conditions holds: 

(1) 334 =p(xi,Xi) + s(x 3 ). 

(2) 334 = 9(2:2,2:3) + 5(0:4). 

(3) ff34 = 2:1^(2:3,2:4) + 2:29(2:3, 2-4) + 8(x 3 ,Xi). 

Proof. This is a computer assisted computation. We begin by verifying the defining 
functions of Theorem 14.41 (l)-(3) define projectively Osserman manifolds. We set 
£ := J2i v idxi- Suppose that 

.934 = Xip(x 3 , X4) + x 2 q{x3, X4) + s(x 3 ,X4) ■ 

Then Spec{J r (^)} = {0, a(£)} where and a(£) appear with multiplicity 2 with 

«(0 = \{-v\p{x 3 ,x±f + 2v 3 V4p(x 3 , 2:4)9(2:3, 2:4) - w§ 9 (2:3, 2:4) 2 

+ 2^/4(2:3, 2:4) - 2v3V49 /4 (2:3,2;4) - 2v 3 V4P/3(x3, X4) 

+2^9/3(^3,2:4)} • 

Next suppose that g 3 4 = p(x\,X4) + 5(2:3); the case 334 = 9(2:2,2:3) + 5(2:4) 
being analogous. One has Spec{ t 7(^)} = {0,a(£)} where and a(£) appear with 
multiplicity 2 with 

a(Q = -jV4{v4P/i(xi 1 X4) 2 - 2V4P/ U (XI,X4) - 2vip/ n (xi,X4,)} . 
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Conversely, suppose M. is as given in Definition 14.11 and that Ai is projectively 
Osserman. We suppose first that is at least a double eigenvalue. The coefficients 
of \v\v^v 4 and of \v\v 2 v 2 v 4 in the characteristic polynomial are seen to be 

5334/11(534/12 — 334/11334/22) and 5334/22(334/12 _ 334/11334/22) • 

To ensure is at least a double eigenvalue, we set these two terms to zero and 
obtain two cases: 

Case 1: (sf 4/12 - 334/11334/22) + 0. We then have g 34/n = g 34/22 = so 

334 = xip(x 3 , x 4 ) + x 2 q(x 3l x 4 ) + x 1 x 2 r(x 3 , x 4 ) + s{x 3 , X4) . 

One computes the coefficient of Xv 4 v 2 v 3 v 4 x1 in the characteristic polynomial to be 
— 2 r ( x 3' x 4:) 4 - Setting this to zero implies r = so 334 is affine in {x\, x 2 } which is 
one of the possibilities enumerated in the Theorem. 

Case 2: We have the identity 3g 4 ^ 12 = 334/11334/22- Only the first and second 
derivatives appear in the calculation of the curvature tensor. Thus we may approx- 
imate by the second order Taylor polynomial. For simplicity, we suppose the point 
in question to be X\ — x 2 = 0. Set 

334 = ao(x3,x 4 ) + x 1 a 1 (x 3 ,x 4 ) + x 2 a2(x 3 ,x 4 ) 

+ x\aii{x 3 ,Xi)' 2 + x 2 2 a 22 {x 3l x 4 ) 2 + 4:Xix 2 an(x 3 , x 4 )a 22 (x 3 , x 4 ) ■ 

When x\ = x 2 = 0, the coefficient of \v\v 2 v 2 v 4 in the characteristic polynomial is 
seen to be 12an(a;3, X4) 2 a22(a^3, 2:4) ■ Thus we have 334/12 = and, without loss of 
generality 334/ n = 0. This means that 

334 = xip(x 3l x 4 ) + q(x 2l x 3 ,x 4 ) ■ 

Setting the coefficient of A in the characteristic polynomial to zero then leads to: 

= -±{-2p /3 (x 3 ,x 4 ) +p(x 3 ,x 4 )q /2 (x 2 ,x 3 ,x 4 )} 2 q /22 (x 2 ,x 3 ,x 4 ), 

= j{p( x 3,x 4 ) 2 - 2p /4 (x 3 ,x 4 )}{-2p /3 (x 3 ,x 4 ) +p(x 3 ,x 4 )q /2 (x 2 ,x 3 ,x 4 )} 

^■q/22(x2,X 3 ,X 4 ), 

= -\{p(x 3 ,x 4 ) 2 - 2p /4 (x 3 ,x 4 )} 2 q/ 22 (x 2 ,x 3 ,x 4 ) . 

One possibility is q/ 22 = 0. This implies g 34 is affine in {£1,2:2} as desired. The 
other possibility is q/ 22 ^ so 2p/ 3 (x 3 , x 4 ) — p(x 3l x 4 )q/ 2 {x 2 , x 3 , x 4 ). Differentiat- 
ing this relation with respect to d X2 yields = pq/ 22 so p = and 

334 = q(x 2 ,x 3 ,x 4 ) . 

Zero is at least a double eigenvalue and the other eigenvalues are 

\±{x 2 ,x 3 ,x 4 ) = j(-v 3 q 2 /2 -2v 3 v 4 q/ 24 + 2v 3 1 q/ 23 + 2v 2 v 3 q/ 22 ) 

± \] ~vlv 4 q/ 34 q /22 - v 2 vlv 4 q /24 q /22 . 

Since q/ 22 ^ 0, q/ 2 ^ 0. Setting v 4 = and v 3 — 2 yields A± = — q 2 2 ^ 0. 
By Lemma 12.11 the remaining eigenvalue must be always be double eigenvalue so 
the square root must vanish identically. Consequently q/ 34 = q/ 24 = and thus 
334 = q( x 2, x 3 ) + s(x 4 ) which is the possibility given in (2) of the Theorem. 

We complete the proof by analyzing what happens if there is a tangent vector 
£0 so that is a simple eigenvalue of J{£,q). Lemma T2.ll then shows that for any 
tangent vector £ that either Spec{j7'(^)} = {0} or is a simple eigenvalue of J{£)- 
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We specialize and set v 4 — 0. Zero is then a double eigenvalue and the other 
eigenvalue a(£) is double eigenvalue as well where: 

a (0 - \v 3 {-V 3 g 3 4/ 2 (x 1 ,X2,X3,X4) 2 + 2v 3 g 34 /23(x 1 ,X2,X 3 ,X 4 ) 

+2v 2 g 3i /22(xi,X2,x 3 ,x 4 ) + 2v 1 g 3i/12 (x 1 , x 2 , x 3 , x 4 )} . 

Consequently, a(£) = 0. This implies 534/12 = #34/22 = 0; specializing to set v 3 = 
instead of v 4 — yields 334/11 = as well. Thus g 34 is affine in (xi,X2). □ 



5. Relative hypersurfaces 

We refer to P~2J Q2] for further material concerning the theory of relative hyper- 
surfaces. Let A = (M,V). We begin with a technical observation. Suppose there 
is a quadratic form r so that 

(5. a) J v (x)y = r(x,x)y-T(x,y)x. 

Because J7v(x)x — 0, £ Spcc{Jv(x)}. Suppose that r(x,x) = 0. One then 
has that Jxj{x)y = —r(x,y)x and thus Jt?(x) y = 0. Since Jy(x) is nilpotent, 
Spec{Jv(x)} = {0}. On the other hand, suppose r(x,x) ^ 0. Let y 6 a;- 1 , i.e. 
r(x,y) — 0. Then J{x)y — r(x,x)y and we conclude Spec{j7v(x)} = {0, r(x, x)}. 
Thus V is projectively Osserman by Equation (|5.a[) as Spec{ Jv} = {0j r (x, x)}. 

Fix a relative normalization for a hypersurface M in affine space A m+ . Let 
(V, g, V*) be the induced connection, the relative metric, and the conormal con- 
nection; this forms a conjugate triple and one has that: 

xg{y, z) = g{V x y, z) + g(y, \7* x z) . 

Let 1Z and 1Z* be the associated curvature operators, let Ric* be the Ricci tensor 
of V*, and let p* be the Ricci operator of V*. One then has 

1Z*(vi,V2)w = ^L_{Ric*(u 2 , w)v\ - Ric*(wi, w)v 2 }, 

K(vi,v 2 )w = ^ 1 {g(v 2 ,w)p*v 1 - g(v 1 ,w)p*v 2 }, 

Jv V = K* (y , x)x = {Ric* (x, x)y - Ric* (y, x)x} , 

JvV = K{y, x)x = {g(x, x)p*y - g(y, x)p*x} . 

Let Hp be the relative mean curvature; M is said to be a relative umbilic at a 
point P of M if Ric* = (m — l)Hpg at P. In this setting, Ric* = Ric so 

Jv*(x)y = Jv(x)y = H P {g(x, x)y - g(x, y)x} 

and consequently both (M, V) and (M, V*) are projectively Osserman at P. If all 
points on M are relative umbilics, then the hypersurface with its relative normal- 
ization is said to be a relative sphere; (M, V) and (M, V*) are globally projectively 
Osserman in such a situation. In particular: the spectra of the two connections, 
which are in general different, coincide on M. 

5.1. Centroaffine geometry. The centroaffine normalization of an affine hyper- 
surface is given by a transversal position vector; this is a relative normalization, and 
in terms of this relative normalization, any centroaffine hypersurface is a relative 
sphere. Thus, for all centroaffine hypersurfaces, the discussion of the last section 
applies. 
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5.2. Examples. Affinc spheres in the unimodular hypersurface theory, relative 
spheres and centroaffine hypersurfaces are very big classes of hypersurfaces that 
play an important role in the theory. Thus the foregoing sections give further 
examples having the projectively Osserman property either pointwise or globally. 

6. The Weyl projective tensor 

There is no analogue of the Weyl conformal tensor in the geometry of a manifold 
M equipped with an affine connection V, and thus we can not speak of conformally 
Osserman in this context. Instead, a similar role is played by the Weyl projective 
curvature tensor which is an invariant of the projective class generated by V. 

Recall that two connections V and V" are said to be projectively equivalent if 
there exists a 1-form 8 so that 

(6.a) V u v - V^u = 6(u)v + d(v)u . 

We remark that the unparametrized geodesies of V and V" coincide if and only if 
both connections are projectively equivalent. Thus the algebraic definition given in 
Equation (|6.ap has great geometric significance. 

The projective curvature operator P = "Pv is defined by: 

P(vi,v 2 )w := TZ(vi,v 2 )w + -^h^ {m Ric(^i , w)v 2 + Ric(w, vi)v 2 } 

{wRic(w 2 , w)vi + Ric(w,v 2 )vi} 

+ ^ITT {Ric.(vi,v 2 )w - Ric(v 2 ,vi)w} . 

If V is Ricci symmetric, we have a somewhat simpler form: 

V{vi,v 2 )w := TZ(vi,v 2 )w - -^—^ {Ric(v 2 , u>)i>i - Ric(t>i, w)v 2 } . 

This operator satisfies the identities: 

P(vi,v 2 ) = -V(v 2 ,v\), and 

V(vi,v 2 )v 3 + P(v 2 , v 3 )vi + V(v 3 ,vi)v 2 = . 

If V and V" are projectively equivalent and Ricci symmetric, then = ~P\/t ■ 

We use V to define the projective Jacobi operator ^Jp[x) : y — > V[y,x)x; the 
fundamental observation is then that if V is projectively equivalent to V", then 

Jp,v{x) = Jpy$(x) for all x . 

We note that we are using the word projective in two different settings. We 
shall say that (Af, V) is pointwise projectively Weyl Osserman if for every point 
P G M, there is a subset Sp C C so that for any tangent vector x £ TpM, 
Spec{ J7p,v (%)} — c(x)Sp for a suitably chosen constant c{x). This notion plays the 
role in the affine setting that the notion 'conformal Osserman' plays in the geometric 
setting. In particular, any projectively flat manifold is necessarily projectively Weyl 
Osserman. 
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